We measure sub-MHz AC Stark shifts, also known as light shifts, in an undergraduate laboratory setting using Raman pump-probe spectroscopy to observe sub-natural linewidth spectral features in the transmission spectrum of a weak probe beam passing through a sample of cold 85Rb atoms confined in a magneto-optical trap. To make this observation a pair of inexpensive fast photodiodes and acousto-optic modulators is needed, in addition to equipment commonly found in advanced undergraduate optics labs with laser cooling and atom trapping setups. A theoretical description of light shifts accessible to junior and senior-level physics majors is provided.
I. INTRODUCTION
Following a series of seminal pedagogical papers by Wieman and co-workers during the last two decades on laser cooling and atom trapping using frequency stabilized diode lasers, [1] [2] [3] [4] an increasing number of upper-level undergraduate teaching labs are introducing students to ultracold atomic samples at temperatures T 100 lK, confined in magnetooptical traps. 5 Building and operating a magneto-optical trap teaches students about frequency-narrowed tunable diode lasers, feedback circuitry for laser-locking, light polarization, optical pumping and hyperfine spectroscopy, magnetic field configurations, and aspects of high vacuum technology. Viewing a video of the slowly moving atoms diffusing outward from the trap, obtained by quickly turning off the magnetic field gradient in the trap thereby creating optical "molasses," is stimulates much student interest. Students can also measure the number and temperature of the trapped atoms, and the trap-loading and loss rates as trap diagnostics while building the trap. 2, 3, 5 Once the magneto-optical trap is built, other striking and simple measurements can be done on the trapped cold atoms which illustrate basic physics concepts appropriate for upperlevel undergraduates. In this paper, we describe how we can measure sub-MHz AC Stark shifts, also known as light shifts, by Raman pump-probe spectroscopy, 6 implemented with the use of two inexpensive fast photodiodes connected to a simple hand-built amplifier circuit and a standard oscilloscope. Also needed is a pair of acousto-optic modulators, which are widely used generic devices in most optics labs, especially where magneto-optical atom trapping is being done.
Raman spectroscopy is a powerful tool for which various implementations at the undergraduate level have been demonstrated. [7] [8] [9] Pump-probe spectroscopy, as shown in Fig. 1 , refers to the widely used technique 10 of allowing two beams of light (continuous-wave, in our case) to be simultaneously incident on an atomic sample: one, a strong, fixedfrequency pump beam that induces interesting dynamics that we wish to study, and the other, a weak probe beam that is scanned in frequency around that of the pump.
We investigate pump-induced atomic dynamics by examining frequency-dependent absorption or amplification of the probe beam, which arises from Raman transitions between the atomic states. A Raman transition comprises an absorption from one of the ground sublevels to the excited state, followed by emission to a different ground sublevel. This process is sometimes referred to as "stimulated Raman spectroscopy" in the literature because the two-photon process involves an absorption from the pump (or probe) beam followed by a stimulated emission into the probe (or pump) beam, resulting in probe gain (or loss).
Raman pump-probe spectroscopy has been extensively used to extract information on the rich and varied dynamics of cold atoms. [11] [12] [13] The use of Raman pump-probe spectroscopy to observe narrow, sub-natural linewidth Raman transitions between light-shifted Zeeman sublevels of cold trapped atoms was demonstrated in Refs. 14-16. Sub-natural linewidth spectral features are observable because the method relies on stimulated, not spontaneous, transitions, which is the same underlying reason laser linewidths can be much narrower than the natural linewidth of the atoms in the gain medium.
The measurement described in this paper has three important pedagogical benefits. Students learn the physics of light shifts, a fundamental concept in light-atom interactions. This concept is also important in applications such as in the implementation of atomic clocks where light shifts are a principal source of noise. 17 They also learn the basics of Raman pump-probe spectroscopy, which is an important diagnostic methodology that is used extensively in atomic, molecular, and optical physics. In addition, the students learn how to use this method to observe sub-natural linewidth, sub-MHz atomic spectral features, which is of increasing interest in the undergraduate atomic physics laboratory. 18 
II. THEORY FOR LIGHT SHIFT
The calculation of the light shift for a two-level atom is well known, [19] [20] [21] but is typically not taught at the undergraduate, level. For this reason and for completeness, we provide the relevant details. The physics of light shifts can be understood in terms of wavefunctions without the need to invoke the density matrix formalism because spontaneous emission can be ignored. If we denote the wavefunction for the atom interacting with an incident light field as Wðr; tÞ, the time evolution of the atomic wavefunction W is described by the Schrödinger equation, i h @Wðr; tÞ @t ¼ĤWðr; tÞ;
whereĤ is the Hamiltonian of the system. The hat denotes that the Hamiltonian is an operator, acting on the wavefunction W. Because we focus on just the atom and its interaction with the incident field, we may ignore the contribution to the Hamiltonian from the incident field alone (that is, in the absence of the atom, also known as the free field). In that case it is convenient to expressĤ as a sum of two terms:
whereĤ 0 is the Hamiltonian for the "bare" atom, that is, in the absence of any external field, andĤ int is the interaction Hamiltonian which describes the interaction between the atom and the external field. Typically the outermost electrons of the atom are the least tightly bound and respond most readily to the incident field. For this reason alkali atoms are popular because relatively low optical energies are needed to resonantly excite the lone valence electron. Also, the interaction of the single electron with the incident field is simpler to model. The incident electromagnetic field's electric and magnetic vectors,Ẽðr; tÞ and Bðr; tÞ respectively, interact with the valence electron (negative charge e) through the Lorentz forceF, which in cgs units isF ¼ eðẼ þṽ=c ÂBÞ. The electron speed is typically nonrelativistic (that is, v ( c) implying that the effect of theB field may be ignored. The eẼ term induces an electric dipole in the atom via displacement of the electron in a direction opposite to that ofẼ. We denote this induced dipole moment asd. Thus,Ĥ int is given by the potential energy stored in the induced dipole, H int ¼ Àd ÁẼðr; tÞ % Àd ÁẼðtÞ:
The spatial dependence in the incident electric field has been ignored because the optical wavelength is much larger than the size of the atom (known as the "long wavelength approximation.")
A. Light shift calculation for two-level atoms For a simple two-level atom as shown in Fig. 2 (a), with ground state jgi and excited state jei, we denote the bare energies as E g and E e , respectively, where hx eg E e À E g .
The eigenstates of the bare HamiltonianĤ 0 are jgi and jei, that is,
and may be defined to form an orthonormal basis
An arbitrary wavefunction of the two-level atom, such as Wðr; tÞ in Eq.
(1), may be expressed as a linear superposition of jgi and jei
where the a-coefficients carry the time-dependence and the spatial dependence is carried in jgi and jei. If we substitute Eq. (6) into Eq. (1), choose E g ¼ 0, and project the resultant equation first onto hgj and next onto hej, we obtain, respectively,
where we have used Eqs. (4) and (5). Because jgi and jei are states of well-defined parity, the form ofĤ int in Eq. (3) enables us to use hgjĤ int jgi ¼ hejĤ int jei ¼ 0. To evaluate the transition matrix elements in Eq. (7) we assume the incident field is a monochromatic wave of frequency x L , amplitude E 0 , and polarization , that is,
whereẼ is assumed to be spatially uniform over the size of the atom due to the long wavelength approximation, and c.c. denotes complex conjugate. We thus have from Eq. (8),
where v hejdjgi ÁE 0 = h is the Rabi frequency (which, for on-resonance excitation, x L ¼ x eg , turns out to be the frequency at which the probability of the atom being in the excited or ground states oscillates between the two levels). We substitute Eq. (9) into Eq. (7) and obtain
To solve these differential equations, we take a cue from the solutions obtained for no incident field (v ¼ 0). In that case, a g (t) ¼ a g (0) and a e t ð Þ ¼ a e 0 ð Þ exp Àix eg t À Á . When v = 0 we expect the driving frequency x L , not x eg , to dominate for long times. Thus, we expect a e t ð Þ ¼ c e t ð Þ exp Àix L t ð Þwhere the coefficient c e is allowed to retain a slow time dependence unlike a e (0) in the v ¼ 0 case. For v = 0 we can no longer use a g (t) ¼ a g (0), and write it as c g (t) instead. We obtain
We now invoke the rotating wave approximation (RWA) which allows us to ignore terms that oscillate at twice the optical frequency because measurements typically last at least a few optical cycles and such terms would average to zero over time. We let the D : x eg -x L and obtain the useful equations:
A convenient method for solving Eq. (12) is to express it in the matrix form
We see that Eq. (13) is a restatement of the Schrodinger equation, Eq. (1), in the rotating wave approximation, that is,
where, in analogy to Eq. (6), we have defined the wave function W RWA c g jgi þ c e jei, and the operatorĤ RWA is defined by the 2 Â 2 matrix in Eq. (13) . The new stationary energy states for the atom interacting with light are found by evaluating the eigenvalues of the matrix operator H RWA . We denote these new energy states by E and find that they satisfy the quadratic equation
which is easily solved for the roots
where
is the generalized Rabi frequency.
For zero excitation, v ¼ 0, the eigenvalues corresponding to W RWA in Eq. (14) are obtained by setting v ¼ 0 in Eq. (16) , and are shown in Fig. 2(b) .
Prior to interacting with the incident light field the energy of the ground state is, by definition, zero. For non-zero excitation, Eq. (16) yields a symmetrical light-shift, also known as the AC Stark shift, equal to E þ and E À . This light shift is indicated by hd LS in Fig. 2(c) . Our discussion will center around the ground state light shift E À , which has magnitude hd LS .
B. Transition from two-level to multi-level atoms
We discuss the transition to a multi-level atom, simplified from Ref. 16 . In a real multi-level atom we need to take into account the relative strength of the different transitions, embodied by the Clebsch-Gordan coefficients. In our case the transitions of interest are the Zeeman sublevels of the transition
Rb, where F denotes the hyperfine quantum number and includes the electron orbital angular momentum, the electron spin, and the nuclear spin. However, five of the seven Zeeman ground sub-levels lie rather close to each other, and may be approximated as one. 16 Thus, for the purpose of this discussion, we choose the simplest atomic model necessary to explain our Raman pump-probe data, namely a F g ¼ 1 ! F e ¼ 2 atom (see Fig. 3 ).
The light shift, in units of frequency, for any one of the three Zeeman ground states m F (À1 m F 1) is given by
where we have incorporated into Eq. (16) the Clebsch-Gordan coefficient c m Fg m Fe for the transition between the ground state m F g and the excited state m F e . For convenience we have written the Rabi frequency v in terms of measurable quantities I (the laser intensity) and I sat (the saturation intensity for the hyperfine transition, which is defined as the intensity at which the probability of the atom being in the excited state is 1=4) via the relation I=I sat 2jvj 2 =C 2 , where C is the natural linewidth for the transition. For 85Rb, I sat ¼ 1.64 mW=cm 2 and C=2p ¼ 5.98 MHz. 22 The values of the squared Clebsch- Gordan coefficients for all transitions that can be excited by incident light of all possible polarizations between the Zeeman sublevels of the F g ¼ 1 $ F e ¼ 2 transition are shown in Fig. 3(a) .
The relative light shift between the ground states is denoted by d 0 as shown in Fig. 3 
III. MEASUREMENT OF THE LIGHT SHIFT IN COLD ATOMS USING RAMAN PUMP-PROBE SPECTROSCOPY
We will omit details 16 that are of interest to a more specialized audience and present the main results. New information that is relevant for undergraduate students has been included. As shown in Fig. 4 , our experimental setup uses a standard vapor-loaded r þ -r
À85
Rb magneto-optical trap in a stainless-steel vacuum chamber with anti-reflection coated windows. The 780 nm light from an external cavity tunable diode laser is divided into three mutually orthogonal beams (not shown), each of which is retroreflected, to form a laser trap.
A secondary beam from the same laser is utilized to lock the laser to a hyperfine atomic transition by saturated absorption spectroscopy. The purpose of acousto-optic modulator AO1 in Fig. 4 is to detune the locked laser frequency to any specific frequency that lies within a range of a few natural linewidths from atomic resonance. In our case the trap laser is detuned 2.5 C below resonance. The sum of the power of all six trapping beams (15 mm in diameter) at the position of the cold atoms is typically several mW=cm 2 and can be varied with half-wave plate H1 (see Fig. 4 ). The temperature of the cold atoms is 30-50 lK, and the size of the trapped atom cloud varies between 1 and 3 mm depending on the trap beam intensities. Further details on the magneto-optical trap can be found in Ref. 16 .
To detect sub-MHz features using pump-probe spectroscopy, the pump and probe beams are derived from the same laser to preserve the requisite phase coherence.
14 The trapping beams themselves serve as the pump. As shown in Fig. 4 , a frequency-scannable probe beam is prepared by passing a small portion of the laser beam through the acousto-optic modulator AO2, and aligning the frequencyshifted output through the second acousto-optic modulator AO3 which is in scanning-mode (that is, a continuously ramping voltage is applied to the "tuning" input of AO3's driver). The frequency-shifted output from AO3 forms the probe beam. The frequency-shifted outputs of AO2 and AO3 are chosen to be of opposite sign so that the probe beam frequency is centered on the original laser (pump frequency, but is capable of scanning around it.
The frequency-shifted output from an acousto-optic modulator shifts spatially when the frequency of the output is varied by changing the tuning voltage, as is the case with AO3. This shift is a problem because the probe beam moves off the trapped atom cloud during the course of its frequency scan. To overcome this problem, the acousto-optic modulator AO3 (and therefore also AO2) is operated in "doublepass" mode as shown in Fig. 5 and described briefly in the following.
The sound wave causes the acousto-optic modulator to act as a diffraction grating producing upshifted (þ1) and downshifted (À1) orders, in addition to the 0 order at the incident frequency. In Fig. 5 the À1 order is retroreflected back through the crystal, such that the double-shifted À2 order is aligned with the incident beam but in the counterpropagating direction. This double-shifted beam does not move spatially even as its frequency is tuned. Because the Table 1. incident polarization is rotated by 90 upon passing twice through Q, the double-shifted, orthogonally polarized output is separated from the incident beam at the polarizing beam splitter BS. The two stops, or pinhole apertures, block the unwanted orders created by the incident beam and the retroreflected beam. An added advantage of the double-pass scheme is that we obtain double the frequency scan for the same tuning voltage range because the beam makes two passes through the AO.
Next, the frequency-scannable probe is focused with lens L down to a spot of 0.4 mm diameter at the center of the cold atom cloud, with a Rayleigh range much longer than the cloud diameter. The probe beam is linearly polarized by the polarizer P in Fig. 4 . The probe intensity can be adjusted without affecting its polarization, with the half-wave plate H2 in Fig. 4 , and ranges from 0.03 to 0.5 mW=cm 2 in this experiment. The frequency of the probe beam is scanned at 1.8 MHz=ms for a period of 3.3 ms around the pump frequency. At this detuning and intensity the probe is too weak to visibly exert any forces on the atoms, and is therefore allowed to always be incident on the atomic cloud. The halfwave plate-beam splitter combination H3 followed by the polarizing beam splitter BS in Fig. 4 is used to split the probe into two beams of equal intensity, one of which passes through the cold atoms while the other passes close to the atoms but not through them. The two beams are allowed to fall onto a pair of photodiodes (see Table 1 ) whose outputs are subtracted (that is, the cathode of one photodiode is tied to the anode of the other) to eliminate noise in the probe beam that originates in the laser. The subtracted output is amplified 24 to yield a transmission spectrum that can be observed on an oscilloscope.
IV. RESULTS AND DISCUSSION
A typical transmission spectrum for the probe beam, as observed directly on a standard oscilloscope, is shown in Fig. 6(a) . The curve shown is an average over 5-10 frequency scans. The entire spectrum fits within a frequency range of $2 MHz, with the frequency separation between the peak and the dip being less than a MHz. The pump intensity needs to be carefully measured, taking into account absorptive losses through the background atomic vapor in the magneto-optical trap and other losses. 16 In the undergraduate lab we simply estimate the pump intensity by measuring the trap laser intensity before it is split into three mutually orthogonal trapping beams, and then doubling this value to take into account the fact that the beams are retroreflected.
We see in Fig. 6 (a) that probe gain and absorption are observed as the probe frequency is varied through the pump frequency. As we will explain, we interpret these probe gain and absorption features in terms of stimulated Raman transitions between the light-shifted Zeeman ground sub-levels depicted in Fig. 3(b) . For a simple fictitious F g ¼ 1 ! F e ¼ 2 atom, we find that gain and loss features occur when the probe is shifted by d 0 below and above the pump frequency, respectively. Recall from Fig. 3 that d 0 is the relative difference of light shifts between the ground-state Zeeman sub- Rb atom, the situation is more complicated, leading to the asymmetrical shape of the observed gain-loss curve. We will use the simple F g ¼ 1 ! F e ¼ 2 model to understand in broad terms the origin of the probe gain and loss, as illustrated in Figs. 6(b)-6(d) .
The atoms predominantly reside in the lowest ground state (jF g ¼ 1; m F ¼ 0i in Fig. 3 , which we denote as j1; 0i). Hence, we only consider absorption out of that state. The pump is formed by counter-propagating circularly-polarized magneto-optical trap beams. As is well known the polarizations of the beams comprising each counter-propagating pair are orthogonal to each other, leading to a net linear polarization that rotates in space. 23 Thus, if we switch to a reference frame that rotates with the net polarization, the pump appears p-polarized. The probe (which is linearly polarized in the lab frame) then appears to have p as well as right-circularly (r þ ) and left-circularly (r À ) components. We will show that, in conjunction with the p-polarized pump, the r þ and r À components of the probe give rise to Raman transitions between the light-shifted levels as depicted in Figs. 6(b)-6(d) . The ppolarized component of the probe cannot cause a transfer of population from one ground-state sublevel to another in this model system, and is therefore ignored. When x probe < x pump , the pump is closer to resonance with the excited state and thus is far more likely than x probe to excite the atoms from the j1; 0i state to the jF e ¼ 2; m F ¼ 0i excited state (j2; 0i in Fig. 3 ) because x pump is p-polarized, and then by stimulated emission back into the pump to the j1; 0i state. As x probe approaches x pump -d 0 , the excited atoms are increasingly induced by the r þ and r À components of the probe to make a stimulated emission into the probe beam and drop from j2; 0i to the j1; 61i ground states (that is, the jF g ¼ 1; m F ¼ 61i states in Fig. 3 ). This absorption from the pump followed by stimulated emission into the probe causes a gain in the transmitted probe power, as shown in Fig. 6(a) . Note that the probe gain is maximum when x probe ¼ x pump -d 0 . In contrast, as x probe becomes larger than x pump , the probe becomes closer to resonance with the excited state and thus is much more likely than the pump to excite the atoms in the j1; 0i state to the excited state (that is, to j2; 61i and then, by stimulated emission back into the probe, to the j1; 0i state again. As shown in Fig. 6(c) , when x probe approaches x pump þ d 0 , the excited atoms are increasingly induced by the pump to make a stimulated emission into the pump beam and drop from j2; 61i to the j1; 61i ground states. This absorption from the probe and stimulated emission into the pump causes a loss in the transmitted probe power. The probe loss is maximum when x probe ¼ x pump þ d 0 . In between, when x probe ¼ x pump , neither x probe nor x pump are efficiently tuned to cause stimulated emission from the excited state to the j1; 61i states. As shown in Fig. 6(d) , both the pump and the probe are equally likely to excite the atom to the excited state j2; 0i for the pump and j2; 61i for the probe), and by stimulated emission into themselves, back into the j1; 0i state. Therefore, the transmitted probe beam shows neither gain nor loss.
We see that measuring the frequency separation between the centers of the probe gain and loss features in Fig. 2(a The observed light shifts are all under half a MHz for the achievable range of intensities. Lower pump intensity caused the magneto-optical trap to no longer be able to trap any atoms, and higher pump intensity is not possible with our current setup. Although the observed light shifts vary with the intensity in Fig. 7 in approximately the manner predicted by the theory, there is a more or less constant offset of about 100-150 kHz between the observed (solid line) and predicted values (dashed line). The dominant systematic error in the measurement arises from the pump detuning, which although stable and accurately reproducible, may be different from the expected value by up to 610%. 16 However, this lack of certainty of the pump detuning value leads only to a maximum error of 625 kHz, significantly less than the discrepancy observed between measurement and theory. This discrepancy is due to residual Zeeman shifts caused by the magnetic gradient in the magneto-optical trap, 16 which we do not discuss here because it is beyond the scope of the undergraduate laboratory. Reference 16 discusses how to suppress the residual Zeeman shifts to bring the data in agreement with the predictions. The data shown in Fig. 7 are partially reproduced from Fig. 4 in Ref. 16 . Students may wish to refer to Ref. 16 for more data and a rigorous explanation. The main point is that Fig. 7 shows that sub-MHz light shifts can be predicted and observed in an undergraduate setting.
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